
1. INTRODUCTION 

Most rock-mass slope failures involve some structural 

component.  For large rock slope failures, several sets of 

non-persistent sets of joints may interact with intact 

blocks of rock to form a combined shear plane.  

Anisotropic analysis of a shear plane parallel to 

continuous jointing is straightforward, but a practical and 

accessible methodology to analyze anisotropic strength of 

a rock mass with multiple non-continuous joint sets 

remains elusive. 

There are many factors that contribute to the ultimate 

strength of a rock-mass shear plane including: the strength 

of the joints and the intact rock, the orientation of joints 

relative to the shear plane, and the persistence of the 

joints.    It is difficult if not impossible to measure rock-

mass strength directly or to quantify these factors 

independently.  Physical models and numerical models 

provide a more reasonable approach, and many studies 

have been performed in recent years with promising 

results. 

This research combines novel and previously published 

data to create a new method of estimating anisotropic 

rock-mass strength in three dimensions that considers 

both the orientation and the non-persistence of multiple 

joint sets.  To make the system easy to implement in day-

to-day rock engineering problems, the input parameters 

are limited to rock discontinuity set statistics, intact rock 

strength, discontinuity strength, and RQD.  To create the 

system, the following relations are developed: 

 Joint persistence as a function of joint set spacing-

to-length ratio 

 Strength reduction as a function of joint persistence 

 Strength reduction as a function of dip and dip 

direction difference between a joint set and the 

shear plane 

 A methodology to calculate the dip and dip 

direction difference between the anisotropy 

orientation and the shear plane 

 A methodology to combine the two separate 

strength reduction factors 

 

2. DEVELOPMENT OF RELATIONS 

2.1. Joint Persistence as a Function of Joint Set 

Spacing-to-Length Ratio 
Fracture network simulation software was used to 

generate simulated two-dimensional fracture networks 

with various spacing-to-length ratios, with the assumption 

that both joint set spacing and length follow the negative 
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intact rock strength, discontinuity strength, and RQD.  A slope instability case history example is back analyzed using the strength 

estimation procedure.  A calculation sheet that implements the methodology is presented and shared for digital download.  

 

 

 

 

 

 

 



exponential distribution.  Simulated shear paths sub-

parallel to jointing were created and the percentage rock 

bridge required to create the shear path was measured.  

The percentage intact rock bridge along each shear path, 

Br, was measured using Eq. (1), where Lr is the rock 

bridge length and Lj is the joint length.  An example 

fracture network simulation and shear path is shown in 

Figure 1.  Eq. (2) was developed to fit the data and relate 

joint set spacing-to-length ratio to the percentage rock 

bridge along the shear path for spacing-to-length ratios 

less than 1, as shown in Figure 2. 

        𝐵𝑟 =
𝐿𝑟

𝐿𝑟+𝐿𝑗
                                (1) 

 

Fig. 1. Example fracture network with optimized shear path (red 

represents rock bridge), spacing-to-length ratio=0.13. 

                              𝐵𝑟 = 1 − 0.5
𝑆𝑝𝑎𝑐𝑖𝑛𝑔

𝐿𝑒𝑛𝑔𝑡ℎ                          (2) 

 

Fig. 2. Discontinuity spacing-to-length ratio versus measured 

percent intact rock bridge. 

2.2. Strength Reduction as a Function of Joint 

Persistence 
The data from six studies were used to develop a relation 

for strength reduction as a function of joint persistence.  

Modeled or simulated jointing was non-continuous for all 

the studies.  Strength reduction (RJR) was modeled as the 

percentage reduction between the joint/discontinuity 

strength (τj) and the intact rock strength (τi) as shown in 

Eq. (3), similar to the Jennings (1972) criteria.  Data were 

transformed to shear-normal space to aid in direct 

comparison.  Shaunik and Singh (2019) and Cheng et al. 

(2016) constructed plaster specimens with non-persistent 

joints and tested them under uniaxial stress.  Bahaaddini 

et al. (2013, 2016) used calibrated PFC3D models to 

predict the effect of non-persistent joints on uniaxial 

strength.  Fereshtenejad (2020) used 3D printing and 

casting technology to build plaster specimens with co-

planar intermittent joints and tested them in direct shear.  

Hu et al. (2020) constructed cement mortar samples with 

discontinuous fractures and conducted direct shear tests.  

Eq. (4) was developed to fit the data and relate percentage 

rock bridge along the shear path to a linear strength 

weighting reduction factor as shown in Figure 3. 

                       𝜏 = 𝑅𝐽𝑅 ∗ 𝜏𝑖 + (1 − 𝑅𝐽𝑅) ∗ 𝜏𝑗                (3) 

                                      𝑅𝐽𝑅 = 𝐵𝑟
1.5                              (4) 

 

Fig. 3. Percent rock bridge versus strength reduction factor. 

The probability of joint set occurrence (PO) may be 

combined with Eqs. (2) and (4) resulting in Eq. (5) that 

estimates the strength reduction factor (RJ)  for sliding 

parallel to jointing based spacing, length, and PO.  The 

PO of a joint set is determined by terrestrial- or 

photogrammetry-based cell mapping (Nicholas and 

Sims, 2000), and is defined as the percentage of cells in 

which a joint set is observed.  An example of calculated 

reduction factors using Eq. 5 is shown in Table 1. 

              𝑅𝐽 = 1 − 𝑃𝑂 ∗ (1 − (1 − 0.5
𝑆𝑝𝑎𝑐𝑖𝑛𝑔

𝐿𝑒𝑛𝑔𝑡ℎ )1.5)         (5) 

 

Table 1. Example Calculated Strength Reduction Factors, RJ 

 

Prob.of 

Occurrence, 

PO 

Mean 

Length 

(ft/m) 

Mean 

Spacing 

(ft/m) 

Strength Reduction 

Due to Jointing 

(RJ) 

Joint Set 1 1.00 18.6 5.8 0.09 

Joint Set 2 0.45 20.0 4.2 0.57 

Joint Set 3 0.33 11.1 1.2 0.68 

Joint Set 4 0.90 13.3 8.3 0.28 

 

2.3. Strength Reduction as a Function of 

Orientation Difference 
The data from two studies were used to develop a relation 

for strength reduction as a function of orientation 
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difference between the shear plane and the plane of 

anisotropy.  Lit et al. (2014) performed laboratory shear 

tests on rock-mass models containing two joint sets (one 

continuous), and a DEM model was also used to simulate 

the tests.  Ghazvinian (2013) used an oblique shear 

apparatus to test inherently anisotropic core samples, and 

the core was cut at various angles and rotated to various 

angles to test different anisotropy orientations relative to 

the shear plane.  For both studies, the anisotropy was 

continuous.  Eq. (6) was developed to fit the data and 

relate the difference in dip (ΔDip) and dip direction 

(ΔDDR) between the shear plane and the anisotropy 

direction to a linear strength weighting reduction factor, 

RD, as shown in Figure 4. 

             𝑅𝐷 = 1 − cos⁡(∆𝐷𝑖𝑝)
[3∗sin(∆𝐷𝐷𝑅)1.5+1.7]        (6) 

 

Fig. 4. Dip difference and dip direction difference versus 

strength reduction factor. 

2.4. Calculation of ΔDip and ΔDDR 
The implementation of Eq. (6) requires calculation of the 

difference in dip and dip direction between the anisotropy 

orientation (Dipj, DDRj) and the direction of the shear 

plane (DipSP, DDRSP).  A sliding direction must be 

assumed to calculate ΔDDR.  A downward direction of 

sliding is assumed for these calculations; this is 

appropriate for two-dimensional plane strain analysis.  

The following vectors are used to estimate ΔDip and 

ΔDDR: 

 Vector 𝐴̂  is a vector normal to the anisotropy plane. 

 Vector 𝐵̂ is a vector normal to the assumed shear 

plane orientation. 

 Vector 𝐶̂  is the cross product of 𝐵̂ x (0,0,-1).  This 

is where downward sliding is assumed. 

 Vector 𝐷̂ is 𝐴̂ rotated around 𝐶̂ by the dip of the 

shear plane. 

 ΔDip is the arccosine of the dot product of 𝐴̂ and 𝐵̂, 

as shown in Eq. (11). 

 ΔDDR is the dip direction of 𝐷̂, as shown in Eq. 

(12). 

                     𝐴̂ = {

sin(𝐷𝐷𝑅𝑗) ∗ sin⁡(𝐷𝑖𝑝𝑗)

cos(𝐷𝐷𝑅𝑗) ∗ sin⁡(𝐷𝑖𝑝𝑗)

cos(𝐷𝑖𝑝𝑗)

                (7) 

                     𝐵̂ = {

sin(𝐷𝐷𝑅𝑆𝑃) ∗ sin⁡(𝐷𝑖𝑝𝑆𝑃)

cos(𝐷𝐷𝑅𝑆𝑃) ∗ sin⁡(𝐷𝑖𝑝𝑆𝑃)

cos(𝐷𝑖𝑝𝑆𝑃)
            (8) 

                     𝐶̂ =

{
 
 

 
 −𝑏2 √𝑏1

2 + 𝑏2
2⁄

𝑏1 √𝑏1
2 + 𝑏2

2⁄

−

                           (9) 

𝐷̂ = {
[1 − cos(−𝐷𝑖𝑝𝑆𝑃)] ∗ (𝑎1𝑐1 + 𝑎2𝑐2) ∗ 𝑐1 + 𝑎1 ∗ cos(−𝐷𝑖𝑝𝑆𝑃) + 𝑐2𝑎3sin⁡(−𝐷𝑖𝑝𝑆𝑃)

[1 − cos(−𝐷𝑖𝑝𝑆𝑃)] ∗ (𝑎1𝑐1 + 𝑎2𝑐2) ∗ 𝑐2 + 𝑎2 ∗ cos(−𝐷𝑖𝑝𝑆𝑃) − 𝑎3𝑐1sin⁡(−𝐷𝑖𝑝𝑆𝑃)
−

(10) 

                ∆𝐷𝑖𝑝 = acos⁡(𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3)          (11) 

 ∆𝐷𝐷𝑅 = atan (
𝑑2

𝑑1
) , 𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑⁡𝑓𝑜𝑟⁡𝑡ℎ𝑒⁡𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡    (12) 

 

2.5. Calculation of Strength Reduction Factors and 

Combination of Multiple Joint Sets 
The two strength reduction factors, RJ and RD, are used to 

calculate a combined reduction factor, RC, that is used to 

estimate the anisotropic strength for any three-

dimensional direction of shear.  The simplest method to 

combine the factors is to calculate an anisotropic strength 

parallel to jointing with RJ, and then reduce that strength 

due to directional difference with RD.  This is equivalent 

to assuming that the strength reductions are non-mutually 

exclusive events, as shown in Eq. (13).  

                            𝑅𝐶 = 𝑅𝐽 + 𝑅𝐷 − 𝑅𝐽𝑅𝐷                    (13) 

Rock masses typically contain many joint sets, and 

therefore many different orientations of anisotropic 

weakness.  To combine the anisotropy from different joint 

sets into a single reduction factor, RF, it is assumed that 

the estimated strength reduction is independent for each 

joint set, which is the simplest method of combination, as 

shown in Eq. (14). 

                       𝑅𝐹 = 𝑅𝐶−1 ∗ 𝑅𝐶−2 ∗ 𝑅𝐶−3 ∗ …                 (14) 

Liu et al. (2017) performed UCS tests with physical 

samples and with numerical simulations with one, two, 

three, or four continuous discontinuities at different 

orientations.  The assumption of an independent strength 

reduction for each separate weakness in the sample (Eq. 

14) can be tested with the results, since the strength 

reduction factor for each discontinuity orientation was 

tested individually.  The results of applying the 
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independent strength reduction factors are shown in Table 

2, and demonstrate good predictive capability of the 

proposed model. 

2.6. Rock-Mass Strength Estimation 
To estimate the final anisotropic rock-mass strength 

(CohDip,DDR,tanΦDip,DDR), a rock-mass bridge strength 

(CohB,tanΦB) must be estimated, which is the strength of 

the rock mass in orientations of shear away from the 

orientations of anisotropy.  The bridge strength will lie 

between the minimum possible strength, i.e., a continuous 

joint (Cohj ,tanΦj), and the maximum strength, i.e., the 

intact rock strength (Cohi ,tanΦi).  This strength will be 

greater than the anisotropy but less than the intact strength 

since the strength will be degraded by planes of weakness 

in directions other than the anisotropy.  The weighting 

methodology is shown in Eqs. (15) to (18).  Mine sites 

where high quality and extensive cell mapping data were 

available were used to calibrate the intact rock weighting 

factor, RW, as shown in Figure 5 and Eq. (19).  The 

calibration cases were achieved either through (a) back 

analysis of displacement, or (b) by modifying the factor 

until the mean rock-mass strength (average of strength in 

all directions) was equal to the estimated isotropic rock-

mass strength.  This may be a conservative method to 

estimate the weighting factor since isotropic rock-mass 

strength estimation methods have been calibrated to 

existing failures, where anisotropy was likely a 

contributing factor.   The endpoint of 0.5 is intuitively 

reasonable, as this is near the reduction factor that would 

be expected due to scale effects alone (scaling from the 

size of a typical UCS core sample to rock-mass scale). 
 

             𝐶𝑜ℎ𝐵 = 𝑅𝑊 ∗ 𝐶𝑜ℎ𝑖 + (1 − 𝑅𝑊) ∗ 𝐶𝑜ℎ𝑗       (15) 

       𝑡𝑎𝑛∅𝐵 = √𝑅𝑊 ∗ 𝑡𝑎𝑛∅𝑖 + (1 − √𝑅𝑊) ∗ 𝑡𝑎𝑛∅𝑗   (16) 

 

         𝐶𝑜ℎ𝐷𝑖𝑝,𝐷𝐷𝑅 = 𝑅𝐹 ∗ 𝐶𝑜ℎ𝐵 + (1 − 𝑅𝐹) ∗ 𝐶𝑜ℎ𝑗    (17) 

 𝑡𝑎𝑛∅𝐷𝑖𝑝,𝐷𝐷𝑅 = √𝑅𝐹 ∗ 𝑡𝑎𝑛∅𝐵 + (1 − √𝑅𝐹) ∗ 𝑡𝑎𝑛∅𝑗   (18) 

 

 

Fig. 5. RQD versus estimated intact rock weighting factor. 

                       𝑅𝑊 ≈ 0.44 ∗ 𝑅𝑄𝐷2 + 0.06                 (19) 
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Table 2. Strength reduction factors from Liu (2017) compared against proposed model 

 

  
Sample ID 

Dip of 

Joint(s) 

UCS 

(MPa) 

Reduction 

Factor, RC 

Measured 

   

  

  A1 0 41.0 0.84      

  A2 15 39.5 0.79      

  A3 30 34.9 0.66      

  A4 45 20.7 0.26      

  A5 60 13.6 0.06 

Individual Reduction 

Factors, RC, Measured 

Reduction 

Factor, 

Model 

Error 

(Difference) 

  

  A6 75 11.7 0.01   

  A7 90 40.1 0.81   

  B1 0, 90 36.2 0.70 0.84, 0.81 0.68 -0.02   

  B2 15, 75 11.8 0.01 0.79, 0.01 0.01 0.00   

  B3 30, 60 13.5 0.06 0.66, 0.06 0.04 -0.02   

  B4* 45, 45 20.1 0.24 0.26, 0.26 0.07 -0.18   

  C1 0, 60 11.7 0.01 0.84, 0.06 0.05 0.04   

  C2 15, 45, 75 11.6 0.00 0.79, 0.01, 0.26 0.00 0.00   

  C3 30, 90 22.7 0.32 0.66, 0.81 0.54 0.22   

  D1 0, 45, 90 17.0 0.16 0.84, 0.26, 0.81 0.18 0.02   

  D2 15, 45, 60, 75 10.6 0.00 0.79, 0.26, 0.06, 0.01 0.00 0.00   

  

*B4 is expected to have the same UCS as A4 since there was no constraint on the direction of shear plane formation 

during failure.  The assumption of independent strength reduction factors would not be expected to perform well for 

this case.   



3. CALCULATION SPREADSHEET 

A worksheet has been created that accommodates up to 

nine simultaneous discontinuity sets and performs all of 

the calculations presented herein.  The worksheet 

estimates the strength for any directions of shear and for 

any cross-section orientation.  The worksheet is shown in 

Figure 6 and is available for public download at the 

website “https://www.cnitucson.com/publications.html”. 

 

 

Fig. 6. Anisotropic strength estimation calculation worksheet. 

4. EXAMPLES 

4.1. Example with One Joint Set 
Examples of the anisotropic strength estimation 

methodology for all potential directions of shear can be 

seen for one joint set dipping at either 20, 45, or 70 

degrees in Figure 7 (for a fracture cohesion of 706 kPa, an 

intact rock cohesion of 197,000 kPa, and an RQD of 20 

percent).  The cohesion values are plotted by the assumed 

direction of shear in 3D on a lower hemisphere equal-area 

stereonet.   As expected, the lowest strength is in the 

direction of jointing (dip direction of 45 degrees), and the 

estimated strength increases away from the orientation of 

the jointing.  The contours of cohesion are elongated in 

the downward direction, as this is the assumed direction 

of sliding (other directions could be assumed if desired).  

 

 

 

Fig. 7. Lower hemisphere equal-area stereonets showing 

estimated rock-mass cohesion for a joint set with a DDR of 45 

degrees for dip values of 20, 45, and 70 degrees. 



4.2. Example with Multiple Joint Sets 
An example anisotropic strength estimation can be seen 

for five simultaneous joint sets in Figure 8, with each joint 

set pole shown as a black cross.  The lowest cohesion 

values are centered around the joint sets, and the highest 

strengths are observed at the directions of shear furthest 

away from jointing. 

   

 

Fig. 8. Lower hemisphere equal-area stereonet showing 

estimated rock-mass cohesion with 5 simulated joint sets. 

4.3. Example Anisotropy Along a Cross Section 
Anisotropic strength can be quickly estimated along any 

cross-section orientation with the methodology.  Figure 9 

shows the anisotropic cohesion and friction angle for the 

five joint sets presented in Figure 8. 

 

Fig. 9. Estimated anisotropic cohesion and friction angle for 

cross section strike 230 degrees. 

4.4. Example Slope Stability Analysis 
The anisotropic strength estimation method was used to 

back analyze a slope failure at a copper porphyry mine in 

the southwestern United States.  The slope height at the 

time of instability was 105 meters, the interramp slope 

angle was 38 degrees, and the slope is primarily 

comprised of granodiorite sills.  The wall dip direction is 

70 degrees.  The joint set cell mapping data for the slope 

and the shear strength along the azimuth of the cross 

section are shown in Figure 6.  As can be seen, there are 

many joint sets which may contribute to anisotropic 

weakness for that wall orientation.  The properties of the 

rock mass are shown in Table 3.  A comparison of the 

estimated Hoek-Brown rock-mass strength (Hoek et al. 

2002) and the estimated anisotropic strengths for various 

dip angles is shown in Figure 10. 

Table 3. Properties of the granodiorite sills 

 

Intact UCS 

[kPa] 
GSI RQD mi 

D (damage 

factor) 

Sills 43,260 29 10% 28.10 1.0 

 

 

Fig. 10. Comparison of Hoek-Brown rock-mass strength 

estimate and linear anisotropic strength estimates for various 

dip angles. 

The two-dimensional limit-equilibrium analysis of the 

slope using Hoek-Brown rock-mass strengths is shown in 

Figure 11a.  The water table surface was estimated from 

grouted piezometer data.  Even with a conservative 

assumption of a damage factor equal to 1.0, the resulting 

factor of safety (FOS) value is 1.249.  The target FOS 

value is 1.0 since displacement was experienced on the 

slope.  Isotropic rock-mass strengths are likely 

inappropriate for this analysis due to the strong jointing 

sub-parallel to the slope.  The analysis with the 

anisotropic strengths is shown in Figure 11b, and results 

in a FOS value of 1.056, which is closer to the target back 

analysis FOS value of 1.0. 

5. ADDITIONAL CONSIDERATIONS 

 Most of the studies utilized to develop this 

methodology considered a single orientation of 

anisotropy.  When a rock mass with multiple joint 

sets is sheared, the behavior of one joint set will be 

affected by the presence of other joint sets, and this 

is not considered herein. 
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Fig. 11. Comparison of back analysis using (A) Hoek-Brown 

isotropic strengths and (B) anisotropic strengths.  Note: Scale 

bars are in feet. 

 The relation between the shear plane and anisotropy 

due to jointing is three dimensional.  Ideally, the 

system should be based on three-dimensional 

vectors and not on the difference between dip and 

dip direction. 

 Many of the studies reported peak strengths, but 

most back analyses of slope failures are calibrated 

to a post-peak strength. 

 Two different strength reduction factors are 

combined to estimate rock-mass strength with this 

methodology.  The combination of these two 

reduction factors has not been explicitly studied by 

any of the authors.  No studies were identified of 

the effects of non-persistent jointing at a different 

DDR and dip than the shear plane. 

 The implementation of this methodology requires 

the identification of all joint sets present in a rock 

mass.  Mapping and/or borehole surveys should be 

carried out at multiple orientations to eliminate 

blind zones. 

6. CONCLUSIONS 

Published studies and novel data have been combined to 

create a practical and easily implemented method of 

estimating anisotropic rock-mass strength for any 

direction of shear in three dimensions, considering any 

number of non-persistent discontinuity sets.  The 

methodology is applicable for any type of co-planar 

discontinuities that may weaken the rock mass (e.g., fault 

sets).  The procedure for estimation is flexible; any of the 

equations (e.g., strength reduction as a function of joint 

persistence) may be interchanged or updated 

independently if future research produces more 

compelling results, or the methodology could be applied 

to non-linear rock strength criteria such as Hoek-Brown.  

The methodology has been programmed into a 

spreadsheet and made available for public download 

(Cylwik, 2021), with the hope that other practitioners may 

build upon, improve, or further calibrate the 

methodology. 
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